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Abstract 

A notion of vertex bialgebra and a notion of module nonlocal vertex algebra 
for a vertex bialgebra are studied and then a smash product construction of non- 
local vertex algebras is presented. For every nonlocal vertex algebra V satisfying 
a suitable condition, a canonical bialgebra B(y) is constructed such that primitive 
elements of B(V) are essentially pseudo derivations and group-like elements are 
essentially pseudo endomorphisms. Furthermore, vertex algebras associated with 
Heisenberg Lie algebras as well as those associated with nondegenerate even lattices 
are reconstructed through smash products. 

1 Introduction 

In the theory of Hopf algebras, there is a notion of if-module algebra for a bialgebra H, 
and furthermore for an if-module algebra A, one has the smash product algebra A^H. The 
celebrated quantum groups (see [Dr], [J]) are (almost cocommutative) quasi-triangular 
Hopf algebras, which generalize Lie algebras and groups in the sense that the universal 
enveloping algebras of Lie algebras and the group algebras of groups are cocommutative 
Hopf algebras. In the theory of Hopf algebras, a very important role has been played by the 
Drinfeld's quantum double construction of quasi-triangular Hopf algebras. It was known 
(cf. [M]) that if if is a finite-dimensional cocommutative Hopf algebra, the Drinfeld's 
quantum double D{H) is isomorphic to the smash product H* jj H with respect to 
a specially defined action of H on H*. Presumably, suitable vertex analogues of the 
classical smash product construction and the Drinfeld quantum double construction will 
be of importance in the general theory of vertex algebras. 

In this paper we formulate and study a notion of vertex bialgebra and a notion of B- 
module nonlocal vertex algebra for a vertex bialgebra B and we then give a smash product 
construction. The vertex operator algebras associated with Heisenberg Lie algebras and 
the vertex algebras associated with nondegenerate even lattices are studied again in terms 
of the smash product construction. We shall study Drinfeld double construction in a 
sequel. 

The notion of vertex bialgebra, studied in this paper, is rather simple, where a vertex 
bialgebra is just a nonlocal vertex algebra equipped with a (standard) coalgebra structure 
such that the comultiplication map and the counit map are homomorphisms of nonlo- 
cal vertex algebras. This notion is analogous to and generalizes the classical notion of 
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bialgebra as the notion of nonlocal vertex algebra is analogous to and generalizes that of 
associative algebra. Two families of examples of vertex bialgebras are given in this paper. 
The first family is associated to standard bialgebras equipped with a derivation d such 
that Ao9 = + 9)A and £ o 5 = 0, and the second family of examples are 

based on vertex algebras associated with vertex Lie algebras ([DLM], [FB], [P]), namely 
conformal Lie algebras (see [K]). 

Note that a notion of vertex operator coalgebra, which is dual to the notion of vertex 
operator algebra, has been formulated and studied by Hubbard in [Hlj and I H2j . We here 
just use the classical notion of coalgebra, bypassing the general notion of vertex operator 
coalgebra. Certainly, more general notions of vertex bialgebra exist. 

For a vertex bialgebra S, a 5-module nonlocal vertex algebra is a nonlocal vertex 
algebra V equipped with a i?-module structure such that the following conditions hold 
for 6 G 5, V e V: 



where A (6) = XI ^(i) ® ^(2)- Furthermore, for a given vertex bialgebra H and an H- 
module nonlocal vertex algebra V", the smash product nonlocal vertex algebra V ^ H has 
the underlying vector space V ^ H with the vertex operator map defined by 



for u,v & V, g,h & H. These notions (or construction) are analogous to and generalize 
their classical counterparts. For this study, a key role is played by the notions of pseudo 
derivation and pseudo endomorphism as we mention next. 

In the work |EKj on formal deformations of vertex operator algebras, Etingof and 
Kazhdan introduced and studied a notion of pseudo derivation, where a pseudo derivation 
of a vertex algebra V is an element ipi^x) of the space Homc(V, V <S) C{{x))) such that 



A little bit earlier in |Li2j . in an attempt to interpret the physics superselection theory 
in the context of vertex operator algebras, we studied objects $(a;) e Hom(V, V"[a;, x"^]) 
with the following properties: 



Y{b,x)v e V®C{{x)), 
Y{b,x)l=e{b)l, 

Y{b, xi)Y{v, x) = ^ Y{Y{b(i),xi - x)v, a;)F(6(2), xi). 



Y\u ® g,x){v 0h) = '^Y {u, x)Y {g(^i), x)v (g) Y{g{2)-,x)h 



[L(-l),^(x)] = -— ^(x), 
il){xi)Y{v, X2) = Y{v, X2)^{xi) + Y{^{xi + X2)v, X2) for v G V. 



(LI) 
(1-2) 



$(x)l = 1, 

[L{-l),^x)] = ~^^x), 

^{xi)Y{v, x) = Y{^{xi + x)v, x)^{xi) for all v e V. 



(1-3) 

(L4) 
(L5) 
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In view of the notion of pseudo derivation, such objects are nothing but "pseudo en- 
domorphisms" and this observation was expanded in |Li5j . What was proved in |Li2j (cf. 
|Lilj ) that for such a $(a;) and for any l^-module {W, Yw), the pair {W, Yw{^{x)-, x)) car- 
ries the structure of a l^-module. If $(x) is invertible, it was proved that (V, F($(a;)-, x)) 
is a simple current in a certain sense. In that study, was indeed treated as a kind of 
endomorphism. 

Recall that for a Hopf algebra H with an i7-module algebra A, primitive elements of H 
act on A by derivations while group-like elements of H act on A as automorphisms. For our 
particular notions of vertex bialgebra and module vertex algebra, the roles of derivations 
and automorphisms are played by pseudo derivations and pseudo automorphisms. What 
is more, for any nonlocal vertex algebra V satisfying a mild condition, we construct a 
canonical bialgebra B{V) whose primitive elements are essentially pseudo derivations and 
whose group-like elements are essentially pseudo automorphisms. By definition, B{V) 
is the (unique) maximal subspace of Homc(V, ^ ® C((x))), satisfying a certain property. 
Note that Homc(V^, ® C((x))), which can be identified with Endc((a.))(V" (S) C((a;))), is an 
associative algebra over C{{x)). It is proved that for a general V, B{V) is an associative 
subalgebra with the formal differential operator d/dx as a C-linear derivation. If \^ is a 
simple vertex operator algebra in the sense of |FLMj . or if \^ is a vertex algebra with a 
certain basis of P-B-W type, it is proved that B{V) is furthermore a bialgebra. 

Just as a simple associative algebra cannot be made into a bialgebra, a simple vertex 
algebra cannot be made into a vertex bialgebra. On the other hand, as Borcherds pointed 
out in |B3j . vertex algebras often have a natural cocommutative bialgebra structure, and 
furthermore, the canonical operator L{—1) of the vertex algebras acts as a derivation. 
Then we have a natural vertex bialgebra. For example, for the vertex algebra Vl associated 
with a nondegenerate even lattice L, the underlying vector space is the tensor product 
of a symmetric algebra with the group algebra of L, which is naturally a commutative 
and cocommutative Hopf algebra. This vertex bialgebra is denoted by B^. Let e be a 
2-cocycle of L, which was used in the construction of the vertex algebra Vl (see 
and let Bl ,, be the tensor product of the symmetric algebra with the e-twisted group 
algebra of L. Naturally, Bi^e is a (non- commutative) associative algebra with L{—1) as 
a derivation. Then Bi^e becomes a nonlocal vertex algebra. It is proved that there is a 
natural S^^-module nonlocal vertex algebra structure on B^ ^ such that the smash product 
nonlocal vertex algebra B^^J^Bl contains Vl a subalgebra. We also obtain similar results 
for the vertex operator algebras associated with Heisenberg Lie algebras, where the vertex 
operator algebras are identified with the diagonal subalgebras of the smash products of 
type B'^B with the comultiplication map as the vertex algebra isomorphism. 

This paper is organized as follows: In Section 2, we study pseudo derivations and 
pseudo endomorphisms for nonlocal vertex algebras. In Section 3, we construct a canonical 
bialgebra for a nondegenerate nonlocal vertex algebra. In Section 4, we define the notion of 
vertex bialgebra and the notion of module nonlocal vertex algebra for a vertex bialgebra, 
and we give the smash product construction. In Section 5, we use the smash product 
construction to construct the vertex algebras associated with Heisenberg Lie algebras and 
the vertex algebras associated with nondegenerate even lattices. 
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2 Pseudo derivations and pseudo endomorphisms 

In this section we revisit pseudo-derivations and pseudo-endomorphisms for nonlocal ver- 
tex algebras, extending some of the results obtained in |Li5j . 

First, we recall the notion of nonlocal vertex algebra ( jB2j . |BKj . |Li3j . |Li6j ). A 

nonlocal vertex algebra is a vector space V equipped with a linear map 

: V ^}iom{V,V{{x))) C {EndV)[[x,x-^]] 

= ^t;„x"""^ (where t;„ G End 1/) (2.1) 

and equipped with a distinguished vector 1 of V, called the vacuum vector, such that 

F(l,x) = l, (2.2) 
Y{v,x)l e V[[x]] and limy(f,x)l = v for f G F (2.3) 

and such that for u,v,w G V, there exists a nonnegative integer / such that 

(xo + X2yY{u, xo + X2)Y{v, X2)w = {xo + X2yY{Y{u, Xo)v, X2)w. (2.4) 

With this notion, an (ordinary) vertex algebra V is simply a nonlocal vertex algebra 
that satisfies the weak commutativity in the sense that for any m, f G V^, there exists a 
nonnegative integer k such that 

(xi - X2fY{u, xi)Y{v, X2) = {xi - X2)''Y{v, X2)Y{u, xi). (2.5) 

For a nonlocal vertex algebra V, just as with an ordinary vertex algebra, we define a 
linear operator T> by T>v = i;_2l for v & V. Then we have 

[V, Y(v, x)] = Y(Vv, x) = -^Y(v, x) for v E V. (2.6) 

ax 

If is a vertex operator algebra in the sense of |FLMj and |FHLj . then V = L(— 1). 

Example 2.1. Let A be any (unital) associative algebra equipped with a derivation d. 
Then (see [Bl,2]) we have a nonlocal vertex algebra structure on A with 1 as the vacuum 
vector and with 

r (a, x)b = {e''^a)b for a,b e A. (2.7) 

In this case V = d. We denote this nonlocal vertex algebra by {A,d). Clearly, {A,d) is 
an ordinary vertex algebra if and only if A is commutative. On the other hand, let be a 
nonlocal vertex algebra such that Y{u,x)v G V^[[a;]] for all u,v eV. Then one can prove 
that V equipped with the multiplicative operation defined hy u ■ v = u^iv for u,v & V 
is an associative algebra with 1 as the identity and with P as a derivation. Furthermore, 
Y{u, x)v = (e^^u) ■ V for u, V E V. 
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Remark 2.2. Let A and B be (unital) associative algebras equipped with derivations 
and ds, respectively. Then a linear map / from A to S is a homomorphism of nonlocal 
vertex algebras from [A, Oa) to {B, ds) if and only if / is a homomorphism of algebras 
such that fdA = dsf ■ 

Remark 2.3. Let A and B be (unital) associative algebras equipped with derivations 
Oa and Ob, respectively. Clearly, 9a ® 1 + 1 (S> 9^ is a derivation of the tensor product 
associative algebra A® B. Then we have 

(A Oa) ® {B, dB) = {A®B,dA®l + l® Ob). 

Let V and K be nonlocal vertex algebras. A homomorphism of nonlocal vertex algebras 
from to i^' is a linear map ip from V to K such that 

^(1) = 1, (2.8) 
iIjY{u,x)v = Y{ip{u),x)4'{v) foTU,vEV. (2.9) 

It follows that ijj'Dv = T>Kip, where T>y and denote the D-operators of V and K, 
respectively. A homomorphism of nonlocal vertex algebras from V to itself is called an 
endomorphism of V. 

Let \^ be a nonlocal vertex algebra. A derivation of V (see [Bl]) is a linear endomor- 
phism f of V such that 

fY{v,x) = Y{f{v),x) + Y{v,x)f foTveV. (2.10) 

All the derivations of V form a Lie subalgebra Der(K) of the general linear Lie algebra 
qI{V). If V is an ordinary vertex algebra, for any v & V, vq is a derivation of V and 
{vq I f G V^} is an ideal of Der(V^). 

The following is a simple analogue of a classical notion: 

Definition 2.4. Let V and K be nonlocal vertex algebras and let a and r be homomor- 
phisms of nonlocal vertex algebras from V to K. A [a, t)- derivation from \^ to -fT is a 
linear map from V to K such that for u,v G V, 

ipiY{u, x)v) = Y{a{u),x)ip{v) + Y{ip{u), x)t{v). (2.11) 

In the case that ^ is a subalgebra of K with a and r being the identity homomorphism, 
we simply call a {a, r)-derivation a derivation from V to K . All the derivations from V 
to K form a subspace which we denote by Der(V", K). 

For any derivation / from V to K, from ()2.11|) we have 

/(I) = 0, VkI = fVv. (2.12) 

Now, let K be the tensor product nonlocal vertex algebra V ® {A,d), where {A,d) 
is the nonlocal vertex algebra associated with an associative algebra A equipped with a 
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derivation d (recall Example \2.1\ . Let cr = r be the natural embedding of V into K. We 
are interested in derivations from V to V ® {A, d). Consider V ^ A as an A-module in 
the obvious way. We have 

}iomc{V,V A) = EndA{V A) (2.13) 

as y4-modules and as C-vector spaces. We may and we should consider any linear map from 
to V" ® A or from V to V as an A-linear endomorphism of V ® A. The vertex operator 
map y of V is also considered as an A-linear map from V ® A to (End(V" x^"*^]], 
that is, 

Y{v ® a,x) = Y{v,x) IS) a for v e V, a e A. (2.14) 

On the other hand, we have the vertex operator map which we denote by Yten for the 
tensor product nonlocal vertex algebra V S {A, d). 

Lemma 2.5. Let V be a nonlocal vertex algebra and let A be an associative algebra 
equipped with a derivation d. A linear map ip from VtoV®Aisa derivation from V to 
the tensor product nonlocal vertex algebra V ® (A, d) if and only if 

i)Y{v,x)=Y{v,x)%lj + Y{e''^^®^^{v),x) forveV. (2.15) 

Proof. For m G V, a G A, we have 

Yteniu ® a, x) = Y{u, x) ® F(a, x) = Y{u, x) (e^^a) = r(e^(^®^)(u a), x). 

Then 

Yten{^{v),x) = F(e^(^^^V(^), a;) for v e V. (2.16) 

For t> G l^, we see that ■ipY{v,x) = Y{v,x)4' + Yten{'ip(yV),x) exactly amounts to 

^Y{v, x) = Y{v, x)iIj + F(e^(^®^V(^^), a;). 

This proves the assertion. □ 

Now we consider special cases with A = C((x)) or C((a:;))[logx] and with d = ±d/dx. 

Definition 2.6. Let be a nonlocal vertex algebra. We define PDer^(y) to be the 
subspaces of Homc(V, V S C{{x))), consisting of elements iIj{x) satisfying the condition 

[ilj{xi),Y{v,X2)]=Y{'^{xi±X2)v,X2) forallwGV. (2.17) 

Proposition 2.7. Let V be a nonlocal vertex algebra. We have 

PDer±(\/) = Der(V, V ® (C((x)), ±d/dx)). (2.18) 

Furthermore, for 'ijj(x) G PDer''^(V^), we have 

^(x)l = 0, [V,i/j{x)]=T^^ljix). (2.19) 
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Proof. For f{x) E C((x)), we have e^^^d^ f{x) = f{x±X2) (by the Taylor theorem). Then 
for V E V, 

Now the first assertion follows from Lemma 12.51 For ip{x) G PDer^(l^), since ■ijj{x) is a 
derivation from V to V <^ (C((x)), ±^), we have ip{x)l = and 

ipix)Vv = (V0 1±10-^^ ip{x), 

noticing that the P-operator of V ^ ±^) is P (g) 1 ± 1 (g) Then we have 

[V,ijix)] = T-^^ix) onV, 

completing the proof. □ 

Remark 2.8. Recall from jEKj that a pseudo- derivation of an ordinary vertex algebra V 
is a linear map a{x) from V to V ^ such that 

[D,a{x)] = --^a{x), (2.20) 
dx 

[a{xi),Y{v,X2)] = Y{a{xi+X2)v,X2) for all G V. (2-21) 

The space of pseudo-derivations of V was denoted by PDer(y). By Proposition 12.71 a 
pseudo-derivation of V in the sense of Etingof and Kazhdan is exactly a derivation from 

V to V ^ {C{{x)),d/dx). 

Remark 2.9. Let V be any nonlocal vertex algebra. Then PDer^(K) are subalgebras 
of the linear Lie algebra qI{V ® C((x))) and the formal differential operator ^ is a C- 
linear derivation of PDer^(V^). It is straightforward to see that the linear endomorphism 
of Hom(V, V" ® C((x))), sending a{x) to a{—x), is a Lie algebra isomorphism between 
PDer^(V). 

We have the following result (cf. |EKj ) : 

Proposition 2.10. Let V be an ordinary vertex algebra. For any u E V, f{x) E 
C((x))[logx], set 

( -1-1 

$±(«,/) = Res.,e±^^B./(a;)F(«,xi) = J] 

n>0 

Then 

$^(u, /) G Der(V, {c{{x))[\ogx],±d/dx)). (2.22) 
Furthermore, if f{x) E C{{x)), then $^(m, /) G PDer^(\^). In particular, for u E V, 

Y{u,x)- = = (!>-{u,x-^) E FDeT-{V). (2.23) 

n>0 
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Proof. For any v & V, / G C((x))[logx], considering f ® / as an element of the vertex 
algebra V (C((x))[logx], ±d/dx), we have 

(m® /)o = Res^,Yten{u^ f,xi) = Res^,(e^^i^/(x))F(M,xi) = 

Since V (C((x))[logx], ±d/dx) are ordinary vertex algebras, {u ® f)o is a derivation of 
V (8> (C((a;))[logx], ±d/dx) and hence a derivation from V to V ^ (C((x))[loga:;], ±d/dx). 
If fix) e C((x)), by Proposition O /) G PDer^(l^). □ 

The elements /) in Proposition 12. lOl are somewhat inner pseudo derivations. If 

\^ is a nonlocal vertex algebra associated to a differential associative algebra, such pseudo 
derivations are all zero. In this case, we have the following result: 

Proposition 2.11. Let A be an associative algebra equipped with a derivation d. Suppose 
that d{x) G (DerA)[[x, x~^]][logx] such that 

d{x)a e A® C{{x))[\ogx] for a e A, (2.24) 

[d,d{x)] = ±-^d{x). (2.25) 

Then d{x) G Der(A, A® (c((x))[logx], =F^))- Furthermore, if d{x) G (Dery4)[[x, x""*^]], we 
have d{x) G Y'Dei^{A,d). 

Proof. From the assumption we have 

e"i^d(a;)e-"^^ = e^"i^d(x). 

For a, 6 G A, we have 

d{x)Y{a,X2)b = rf(x) ((e^^^a)^) 

= (rf(x)e^2^a)6 + (e^^^a)rf(x)6 

= (^e"^ V"^^d(a;)a) b + {e''^^ a)d{x)b 

= Y{e^''^^d{x)a, X2)b + Y{a, X2)d{x)b. 



This proves d(x) G DeT{A,A (c((x))[logx], =F^)). The last assertion follows from 
Proposition 12.71 □ 

Next we study endomorphisms. We have the following straightforward analogue of 
Lemma 12.51 

Lemma 2.12. Let V be a nonlocal vertex algebra and let A be an associative algebra 
equipped with a derivation d. A linear map cj) from V to V ® A is a homomorphism of 
nonlocal vertex algebras from V to the tensor product nonlocal vertex algebra V ® (A, d) 
if and only if 

0(1) = 1, (2.26) 

(t)Y{v,x) = F(e^(i®^) (j){v),X2)4> forveV. (2.27) 
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Definition 2.13. Let V he & nonlocal vertex algebra. We define PEnd^(l^) to be the 
subspaces of RomdV, V" ® C((x))), consisting of elements 0(x) satisfying the conditions 

0(x)l = 1, (2.28) 
(f){xi)Y{v, X2) = Y{(f){xi ± X2)v, X2)(j){x2) for v e V. (2.29) 

The following is an analogue of Proposition 12.71 

Proposition 2.14. LetV be a nonlocal vertex algebra and let (j){x) G B.omc{V,V^C{{x))) . 
Then (f){x) E PEnd^(\^) if and only if(f){x) is a homomorphism of nonlocal vertex algebras 
from V to V ® (C((a;)), ±d/dx). Furthermore, 

[V, <p{x)] = T^(l)ix) for 0(x) G PEnd^(l^). (2.30) 



The following is an explicit construction of pseudo endomorphisms (cf. [Li2]): 

Proposition 2.15. Let V be an ordinary vertex algebra and let h E V be such that 

[h{m),h{n)]=0 form,n>0, (2.31) 

where h{k) = hk for k E Z, and such that h{0) acts semisimply on V with integral 
eigenvalues. Then E^(—h,x)x^^^^ G PEnd~(\^), where 

E+{-h,x)=exp I > '-^x-" 



exp 5^ 

\n>l 



n 



Proof. Set 



(x) = h{0) logx - ^^^x"" G Hom(V, \/(g)C((a;))[logx]). 

n>l ^ 



Then 



[X) = 

n>0 



By Proposition 12.101 (f){x) is a derivation from V to V ^ {C{{x))[log x], —d/dx). Then 
E^(—h,x)x'^^'^^ = e'^^^^ is an endomorphism from V to V C((x)) C V C((x))[logx]. 
By Proposition EH we have E+{-h,x)x^^'^'^ E PEnd"(V). □ 



3 Differential bialgebra B{V) 

In this section we associate a canonical associative algebra B{V) to each nonlocal vertex 
algebra V and we prove that B{V) has a natural bialgebra structure if V satisfies a certain 
condition. 

First we formulate the following notion: 
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Definition 3.1. Let be a nonlocal vertex algebra. A subset U of Hom(V^, V ® C((x))) 
is said to be A-closed if for any a(x) G U, there exist 0(1,) (x), a(2i)(a;) G f/ for i = 1, . . . , r 
such that 

r 

a(xi)F(t;, X2) = ^ 'i^(a(ii) (xi - X2)v, X2)a(2i) (xi) for all v e V. (3.1) 
j=i 

In terms of this notion, for any a{x) G PDer^(V), {a{x), 1} is A-closed and for iIj{x) G 
PEnd"(y), {^(x)} is A-closed. 

Note that the space Homc(V,V" ® C((x))), which can be naturally identified with 
E'ndc{{x))(y ® C((x))), is an associative algebra over C((x)) with the formal differential 
operator (9 = ^ as a C-linear derivation. 

The foUowings are straightforward consequences: 

Lemma 3.2. Let V be a nonlocal vertex algebra, a) The linear span of any A-closed subset 
0/ Hom(V, y (g) C((x))) is A-closed. b) The sum of A-closed subspaces 0/ Hom(V, K 
C((x))) is A-closed. c) If U is a A-closed subset 0/ Hom(V, K C((a;))), then U ■ U (the 
linear span of a{x)b{x) for a{x),b{x) E U) is A-closed. d) If U is a A-closed subspace, 
U + d{U) IS A-closed. 

Definition 3.3. Let V be a nonlocal vertex algebra. Define B(y) to be the sum of all 
the A-closed subspaces U of Hom(V, V ®C{{x))) such that 

a{x)l G Cl for a{x) G U. (3.2) 

Proposition 3.4. For any nonlocal vertex algebra V , B{y) is a A-closed associative sub- 
algebra o/Hom(V, V ®C{{x))) and it is closed under the derivation d = Furthermore, 
V is a module for {B{V),d) with Yv{a{x),xo) = a(xo) for a{x) G B{V). 

Proof. From Lemma (3.21 b). B(y) is A-closed, and then by Lemma 13.21 c). B{V) ■ B{V) 
is A-closed. Clearly, we have B{V)1 C Cl. Then B{V)B{V)1 C Cl. Now, it follows 
that B{V) ■ B{V) C B{V). This proves that B{V) is a subalgebra. By Lemma Od), 
B{V) + dBiV) is A-closed and we have dBiy)! = 0. Then dB{V) C B{V). 

Next, we prove that is a module for B(y) viewed as a nonlocal vertex algebra. 
First, by definition we have 

Yv{a{x),Xo)v = a{xo)v e V (g) C((xo)) C V{{xo)) for a{x) G ^(V'), v e V. 

For a{x),b{x) G B(y), v &V,we have 

Yv{a{x),Xo + X2)Yv{b{x),X2)v = a{xo + X2)b{x2)v 

and 

Yv{Y{a{x),XQ)b{x),X2)v = (a(a; + Xo)6(x)'u)|^=^2 = a(x2 + Xo)&(x2)f , 
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noticing that Y {a{x) , Xo)b{x) = {e^° dx a{x))b{x) = a{x + xo)b{x). Since b{x2)v E V 
C(((a;2)), there exists / G N such that x[a{xi)b{x2)v G V" C((x2))[[a;i]]. Then 

(xo + X2)'a(xo + X2)b{x2)v = {X2 + XQfa{x2 + XQ)b{x2)v. 

Consequently, we have 

(xo + X2fY{a{x),XQ + X2)Y{b{x),X2)v = {xq + X2yY{Y{a{x), xo)b{x), X2)v. 

We also have Yy{l^x) = ly. Thus \^ is a module for B{V) viewed as a nonlocal vertex 
algebra. □ 

Remark 3.5. Recall that a coalgebra over C is a vector space A equipped with two linear 

maps A : A A ^ A, called the comultiplication map, and e : A —>■ C, called the counit 
map, such that 

(1® A)A = (A® 1)A, (3.3) 
^£:(a(i))a(2) = ^£:(a(2))a(i) = a for a G A. (3.4) 

A bialgebra is a (unital) associative algebra equipped with a coalgebra structure such that 
the comultiplication map and the counit map are homomorphisms of associative algebras. 

For convenience, we formulate the following notion: 

Definition 3.6. A differential bialgebra is a bialgebra {B, A, e) equipped with a derivation 
d such that e o 9 = and A(9 = (9 O 1 + 1 O d)A. 

We shall prove that if a nonlocal vertex algebra V satisfies a certain condition, B{V) 
has a natural bialgebra structure. Recall from |EKj that a nonlocal vertex algebra V is 
nondegenerate if for any positive integer n, the linear map 

: V^«" ® C((a;i)) ■ ■ ■ ((a;„)) ^ V{{x,)) ■ ■ ■ ((a;„)) 

defined by 

Zn{V{l) ® ■ • • ® V(^n) ® f) = fY{V(i),Xi) ■ ■ -Y {V{n), Xn)l 

is injective. 

Remark 3.7. Let V be a nonlocal vertex algebra. For any positive integer n, we define 
a linear map 

X„ : ® C((a;i)) ■ ■ ■ ((a;„)) ^ V{{xi)) ■ ■ ■ ((a;„)) 

by 

Xn{V{^i) ®---®V(ri) ®V® f) = fY{V(^i),Xi) ■ ■ ■Y{V(n),Xn)v. 

It was proved in |Li4j that if Zn+i is injective, so is X„. Thus if V is nondegenerate, for 
every positive integer n, Xn is injective, in particular, Xi and X2 are injective. 
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Theorem 3.8. Let V be a nondegenerate nonlocal vertex algebra. Then B{y) is a differ- 
ential bialgebra with the comultiplication A and the counit e uniquely determined by 

a(x)l = £(a(x))l, (3.5) 
A(a(x)) = ^a(i)(x) (g) a(2)(x) (3.6) 

for a{x) G BiV), where a{xi)Y{y, X2) = X] Y{a(^i){xi — X2)v, X2)a(^2){xi) for all v E V and 
we are using the coalgebra Sigma notation. Furthermore, we have 

PDer-(y) = {ae B{V) \ A(a) = a ® 1 + 1 ® a}, (3.7) 
PEnd^(V) = {a G B{V) \ A(a) = a®a}. (3.8) 

Proof. First we show that A is well defined. It suffices to prove that if 

k 

0^J2 ^^•(^) ® ^r{x) G B{V) (8) B{V), (3.9) 
then there exist u,v E V such that 

k 

Y{ar{xi — X2)u, X2)br{xi)v ^ 0. (3.10) 

r=l 

From ()3.9|) . there exist u.,v eV such that 

k 

^ ^ ar{-X2)u ® br{xi)v E {V C((x2))) ®{V0 C((a:i))) C C((a;2)))((a;i)), 

r=l 

which (by applying e~^^^^^^^) implies 

k 

^ ^ar{-X2 + xi)u ® br{xi)v G {V ^ V ^ C{{x2))){{xi)). 

r=l 

Since the linear map Xi is injective, we have 

k 

7^ J]F(a,(-X2 +xi)M,X2)6.(xi)t; G V((x2))((xi)). (3.11) 

Let / G N be such that ar{x)u E V ^ for r = 1, . . . , /c. Consequently, 

(xi — X2)'ar.(xi — X2)u = (xi — X2)'ar.(— 0:2 + a;i)M. 

Multiplying ()3.11|) by (xi — X2)' and then using cancellation we get ()3.10p . This proves 
that A is well defined. 
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Next we establish the coassociativity. Let a{x) G B{V) and let u,v,w G V. We have 
a{xi)Y{u, xo + X2)Y{v, X2)w 

= ^y(a(i)(xi - Xo - X2)u,Xo + X2)a(2){xi)Y{v,X2)w 

= ^F(a(i)(xi - Xo - X2)m,Xo + X2)F(a(2,i)(xi - Xa)^;, X2)a(2,2)(xi)ty. (3.12) 

On the other hand, we have 

a{xi)Y(Y{u, xo)v, X2)w 
= ^■K(a(i)(xi - X2)F(-u,xo)f,X2)a(2)(xi)w 

= ^y(F(a(i,i)(xi - X2 - Xo)M,Xo)a(i,2)(xi - X2)t;,X2)a(2)(xi)tu. (3.13) 
With a(i i)(x)m, a(i 2)(x)f , a(2)(x)t(; E V ® C((x)), there exists / G N such that 

(xo + X2yY{Y{u, xo)v, X2)w = Y{u, Xo + X2)Y{v, X2)w, 

(xo + X2)' ^ F(F(a(i^i) (xi - X2 - Xo)-u, Xo)a(i,2) (xi - X2)v, X2)a^2) (xi)w 

= (xo + X2)' ^ F(a(i^i)(xi - X2 - Xo)m, Xo + X2)F(a(i^2)(a;i - X2)v, X2)a(2)(xi)w. 

Then using (j3.12|) and (j3.13|) we obtain 

^(Xo + X2)'F(a(i)(xi - Xo - X2)U, Xo + X2)F(a(2,l)(Xi - X2)V, X2)a(2,2)(xi)ty 
= ^(2^0 + X2)'F(a(i,i)(xi - X2 - Xo)m,Xo + X2)F(a(i,2)(xi - X2)f , X2)a(2)(xi)iy, 

which by cancellation and substitution yields 

^F(a(i)(xi - X3)M,X3)F(a(2,l)(xi - X2)t;, X2)a(2,2)(xi)u; 

= ^F(a(i,i)(xi - X3)M,X3)F(a(i,2)(xi - X2)f,X2)a(2)(xi)w. (3.14) 

By multiplying by certain nonnegative powers of (xi — X3) and (x2 — X3) and then using 
cancellation we get 

y(a(i)(-X3 + Xi)u, X3)F(a(2,i)(-X2 + Xi)v, X2)a(2,2)(xi)tf; 

= ^y(a(i,i)(-X3 + xi)M,X3)F(a(i,2)(-a;2 + xi)t;,X2)a(2)(xi)ti;. (3.15) 
Since X2 is injective, we have 

^a(i)(x3)M a(2,l)(x2)'y ® 0(2,2) (Xl)w = ^ 0(1,1) (x3)m ® 0(1,2) (X2) ® a(2)(xi)w. 

This gives the coassociativity. It is straightforward to show that A is an algebra homo- 
morphism. 
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As a{x)l G Cl for a{x) G B{V) by assumption, the map e : B(y) — > C is well defined. 
It is straightforward to see that e is an algebra homomorphism. For a{x) G B{V), we 
have 

a(xi) = a{xi)Y{l,X2) 

= y^y(a(i)(xi - X2)l,X2)a(2)(xi) 

= ^F(5(a(i)(x))l,X2)a(2)(a;i) 

= ^£:(a(i)(x))a(2)(xi) (3.16) 

and 

a{x)v = ReSx2X2^o,{xi)Y{v,X2)l 

= ^ Res^2X2^Y{a(^i){xi - X2)v, X2)a(2)(xi)l 

= ^Res^2a;2"^£:(a(2)(x))F(a(i)(2;i -X2)v,X2)l 

= ^ Res^..^X2'^e{a(^2){x))e~''^'^Y{a(i){xi)v,X2)l 

= ^£(a(2)(x))a(i)(a;i)t;. (3.17) 

This proves that £ is a counit. Therefore, {B{V), A,e) is a bialgebra. 
It is straightforward to show 

= (a® 1 + 1 ®a)A, £0^ = 0. 

Thus B{V) is a differential bialgebra. The assertions ()3.7p and ()3.8|) are clear. □ 

We have the following consequence: 

Corollary 3.9. Let V be a nonlocal vertex algebra. Assume that V is of countable dimen- 
sion over C and that V as a V -module is irreducible. Then all the assertions of Theorem 
1,9. hold. In particular, if V is a simple vertex operator algebra in the sense of \FLM^ . all 
the assertions of Theorem \S. ^ hold. 



Proof. Under the assumptions, by |Li4j and |Li6j . V is nondegenerate. Then it follows 
immediately from Theorem 13.81 □ 

Proposition 3.10. Let V be a nondegenerate ordinary vertex algebra and let B(yY be 
the sum of all the A-closed subspaces U o/Hom(V, V ® C((a;))) such that 

a{x)l G Cl, (3.18) 
[V, a{x)] = -j^a{x) for a{x) G U. (3.19) 

Then B{VY is a cocommutative sub-bialgebra of B{V). 
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Proof. It is straightforward to show that B{VY is a sub-differential bialgebra of B(y). 
Now we prove the cocommutativity. Let a{x) G B(yy with A(a(x)) = ^ a(i)(x)(8>a(2)(a^)- 
For M, t> G l^, we have 

a{xi)Y{u, x)v = F(a(i)(xi — x)a(2)(a;i)f . 

Using the skew symmetry of the vertex algebra V and ()3.19|) we get 

a{xi)Y(u, x)v = a{xi)e^'^Y{v, —x)u = e^^a{xi — x)Y(v, —x)u, 

F(a(i)(xi — x)u, x)a(2)ixi)v = e^'^Y{a(^2)ixi)v, — x)a(i)(xi — x)u. 

Consequently, 

a{xi — x)Y{v, —x)u = Y{a^2) {xi)v, — x)a(i) (xi — x)u, 

which is, 

a{xi)Y{v,x)u = ^^F(a(2)(xi — x)v,x)a(^i){xi)u. 
Thus A(a(x)) = ® This proves the cocommutativity. □ 

4 Smash product nonlocal vertex algebras 

In this section we formulate a notion of vertex bialgebra and a notion of module nonlocal 
vertex algebra for a vertex bialgebra. We then give a smash product construction of 
nonlocal vertex algebras. 

The following is our notion of vertex bialgebra: 

Definition 4.1. A vertex bialgebra is a nonlocal vertex algebra V equipped with a coal- 
gebra structure {V, A, e) such that A : V ^ V ^ V and e : V ^ C are homomorphisms 
of nonlocal vertex algebras. 

Example 4.2. Here we extend Borcherds' construction of vertex algebras for vertex 
bialgebras. Let {B, A,e,d) be a differential bialgebra (see Definition 13. 6^ . First we have 
a nonlocal vertex algebra {B,d). From definition we have e{l) = 1 and A(l) = 1 (g) 1. 
Furthermore, for a,b & B we have 

e{Y{a,x)b) = £((e^^a)6) = 6{e''^a)e{b) = e{a)e{b), 

A{Y{a,x)b) = A{{e'^a)b) = A(e"^a)A(6) = (e"(^^™^)A(a))A(6) = Y{A{a),x)A{b). 

This shows that A and e are homomorphisms of nonlocal vertex algebras. Therefore, B 
is a vertex bialgebra. 

Example 4.3. Let g be a Lie algebra equipped with a derivation d. Then U{q) is a Hopf 
algebra with d naturally extended to a derivation of U{q). It is straightforward to show 
that U (fl) viewed as a bialgebra equipped with the derivation ci is a differential bialgebra. 
In view of Example 14.21 U (g) is naturally a vertex bialgebra. 
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Example 4.4. Here we show that vertex algebras associated with vertex Lie algebras 
can be made into vertex bialgebras. Let C be a vertex Lie algebra (see [P]), or namely a 
conformal Lie algebra (see [K]). Associated to C we have an honest Lie algebra Cc- As a 
vector space, 

Cc = {c® c[t, t-^])/{d ® 1 + 1 ® d/dt){c ® c[t, r^]). 

For a G C, n G Z, we denote by a{n) the element of Cc corresponding to a ® t". The 
Lie algebra Cc has a polar decomposition Cc = C% © C~^ into subalgebras, where C% is 
spanned by a(n) for a G C, n > and C~q is spanned by ain) for a G C, n < 0. Form the 
induced module of Cc from the trivial £^-module C: 

Vc = \J{Cc) ®u(c+) 

In view of the P-B-W theorem, Vc = U {C^) as vector spaces. Set 

1 = 1 (g) 1 G Vc-. 

Identify C as a subspace of Vc through the linear map u ^ m(— 1)1. Then (see [DLM], 
[P]) there exists a unique vertex algebra structure on Vc with 1 as the vacuum vector and 
with 

Y{u, x) = u{x) = u{n)x'''^~'^ for u E C. 

nGZ 

Equip Vc ® Vc with the tensor product £c-module structure. We have C^{1 1) = 0. 
Then there exists a unique ilc'-module map A from Vc to Vc®Vc such that A(l) = 1®1. 
For a G C, we have 

A(a) = A(a(-l)l) = a(-l)A(l) = a(-l)l ® 1 + 1 O a(-l)l = a®l + l(g)a. 
Then 

F(A(a), x) = F(a, x)®l + l® F(a, x) = a{x) 1 + 10 a{x). 
Now, for any a E C, f G Vc, we have 

A(F(a, x)v) = A{a{x)v) = a{x)A{v) = (a(x) 01 + 1® a{x))A{v) = Y{A{a),x)A{v). 

As C generates Vc as a vertex algebra, A is a vertex algebra homomorphism. Similarly, 
equipping C with the trivial £c-module, we have a unique /^c-module map e : — > C 
such that £:(1) = 1. For a G C, f G Vc, as £:(a) = £:(a(— 1)1) = a{—l)e{l) = 0, we have 

e{Y{a,x)v) = e{a{x)v) = a{x)e{v) = = Y{e{a),x)e{v). 

From the same reasoning e is a vertex algebra homomorphism. Therefore, the associated 
vertex algebra Vc equipped with the maps A and e defined above is a vertex bialgebra. 

The following is a vertex analogue of the notion of module algebra for a bialgebra (cf. 

my- 
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Definition 4.5. Let if be a vertex bialgebra. An H-module nonlocal vertex algebra is a 



nonlocal vertex algebra V equipped with an if-module structure such that 

Y{h,x)v ®C{{x)), (4.1) 

Y{h,x)lv = e{h)lv, (4.2) 

y(/i, Xi)Y{u, X2)v = ^ F(F(/i(i), xi - X2)u, X2)Y{h^2),Xi)v (4.3) 



for h G H, u,v & V, where ly denotes the vacuum vector of V. 

The following result is very useful in constructing module nonlocal vertex algebras: 

Lemma 4.6. Let H be a vertex bialgebra and let V be a nonlocal vertex algebra. Suppose 
that (y, Yy) is an H-module and S is a generating subset of H as a nonlocal vertex algebra 
such that for h & S, u,v & V , 

Y^{h, x) G Rom{V, V ® C((x))), (4.4) 
Y^{h,x)l = e{h)l, (4.5) 

Y^{h, Xi)Y{u, X2)V = Y{Y^{h(^rj,Xi - X2)U, X2)Y^{\2)) ,xi)v. (4.6) 

Then V equipped with the H-module structure Yy is an H-module nonlocal vertex algebra. 

Proof. Let g, h E H he such that 

Y^{g,x), Y^{h,x) ellom{V,V ^C{{x))). 

For any v E V, as {V, Yy) is an if-module, there exists a nonnegative integer I such that 

{xo + X2yY^{Y{g, xo)h, X2)v = (xq + Xa) V^((7, Xq + X2)Y^{h, X2)v. (4.7) 

Since Y^{h,X2)v E V ® C((x2)), there exists /' G N such that x'-'Y^ {g, x)Y^ {h, X2)v G 
V[[x]] ® C((x2)). Then 

(xo + X2y'Y^{g, Xo + X2)Y^{h, X2)v = (xs + xofY^ig, xs + xo)Y^{h, X2)v. 

Combining this with ()4.7|) we get 

(xo + X2y+''Y^{Y{g, xo)h, X2)v = (xa + XoY^^'Y^ig, X2 + xo)Y^{h, X2)v. 

By cancellation we get 

Y^{Y{g, xo)h, X2)v = Y^{g, X2 + Xo)Y^{h, X2)v = (^{e^'^^Y^ {g, x))Y^{h, x)) U=,,v. 

Since S generates H, we have Yy{h, x) G Hom(V, V<S)C{{x))) for all h E H. Because A, e 
are homomorphisms of nonlocal vertex algebras and because S generates if as a nonlocal 
vertex algebra, it follows that ()4.5p and ()4.6p hold for all h E H. Thus V is an ii-module 
nonlocal vertex algebra. □ 
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We have the following simple result: 

Lemma 4.7. Let H be a vertex bialgebra and let V be an H-module nonlocal vertex algebra 
with the H-module structure Yy ■ Then Yy is a homomorphism of nonlocal vertex algebras 
from H to B{V). In particular, 

Y^{Y{g, xo)h, x)v = (^e^'^Y^ig, x)) Y^{h, x)v (4.8) 

for g,h & H, v & V. 

Proof From DefinitionIO we have Y^{h, x) G Hom(V', F®C((x))), Y^{h, x)l = e{h)l e 
Cl for h & H and {Yy{h,x) \ h G H} is a A-closed subspace. Then the linear map Yy 
maps H into B(y). From the proof of Lemma l4.6t the particular assertion holds. It 
follows that Yy is a homomorphism of nonlocal vertex algebras from H to B(y). □ 

Recall from Corollary that if V is nondegenerate, then B(y) is a differential 
bialgebra, hence a vertex bialgebra. 

Proposition 4.8. Let V be a nondegenerate nonlocal vertex algebra. Then V is a B{V)- 
module nonlocal vertex algebra with Y{a{x),Xo) = a{xQ) for a{x) G B{V). Furthermore, 
for any vertex bialgebra H , an H-module nonlocal vertex algebra structure Yy amounts 
to a homomorphism of vertex bialgebras from H to B{V). 

Proof. By Proposition 13.41 is a module for B(y) viewed as a nonlocal vertex algebra. 
For a{x) G B{V), v & V, we have 

Y{a{x),Xo)v = a{xo)v eV0 C((xo)), 

and 

Y{a{x), xo)l = a(xo)l = e{a{x))l, 

Y{a{x),xi)Y{v,X2) = a{xi)Y{v,X2) = ^F(a(i)(xi - X2)'y, X2)a(2)(xi) 

= ^F(F(a(i)(x),a;i - X2)v, X2)Y{a^2)ix), Xi). 

Therefore ^ is a i?(\^)-module nonlocal vertex algebra. 

Let if be a vertex bialgebra and assume that (V, Yy) is an if-module nonlocal vertex 
algebra. From Lemma [4. 7[ Yy is a homomorphism of nonlocal vertex algebras from H to 
B{V). For h & H, since Yy{h,x)l = e{h)l, by definition we have e{Y{h,x)) = e{h). For 
h & H, V ^ V, we have 

Y{h, xi)Y{v, a;) = ^ xi - x)v, x)F(/i(2), xi). 

By definition we have 

A{Y{h, x)) = J2 Yihi)^^) ® yih^)^^) e BiV) ® BiV). 

Therefore Yy is a homomorphism of vertex bialgebras. 

On the other hand, assume that Yy is a homomorphism of vertex bialgebras from H 
to B{V). As y is a i?(\^)-module nonlocal vertex algebra, it is straightforward to see that 
V equipped with Yy is an if-module nonlocal vertex algebra. □ 
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The following is our smash product construction of nonlocal vertex algebras: 

Theorem 4.9. Let H be a vertex bialgebra and let V be an H-module nonlocal vertex 
algebra. Set V H — V ® H as a vector space. For rt, v e V, h,k & H, define 

Y^u ^ h,x){v ^ k) = ^ Y{u, x)Y{h(^i),x)v (g) Y{h(2),x)k. (4.9) 

Then V ^ H is a nonlocal vertex algebra with V and H as subalgebras and the following 
relation holds for h & H, u &V: 

Y\h, xi)Y\u, X2) = J2 YKY{h^^),x, - X2)u, X2)Y\h^2),xi). (4.10) 

Proof. Prom definition, for v e V, h,k e H we have Y{h, x)v e V<SiC{{x)) and Y{h, x)k e 
H{{x)). It follows that 

Y\u®h,x){y®k) e {V ®H){{x)) for e V, h,k e H. 

As A(l) = 1 (g) 1, we have Y'^{1 ® l,x) — 1. Using the counit property of e we also have 

Y^{u®h,x){l0l) = J]F(M,x)F(/i(i),x)l®r(/i(2),a;)l 

= ^£(/i(i))r(u,x)i0r(/i(2),x)i 

= ^y(ii,x)l®y(£(/i(i))/i(2),a:)l 
= Y{u,x)l^Y{h,x)l, 

from which we have 

Y^(u® h,x) (1^1) e (V ® H)[[x]\ and \imY^{u® h,x)(l ® 1) ^ u h. 

Next we prove the weak associativity. Let u,v,w e V, g,h,k & H. We have 

Y^{u g,Xo + X2)Y'^{v (g) h, X2) {w (g k) 
= ^ Y\u <^g,xo + X2){Y{v, X2)Y{h(^i),X2)w (g) Y{h(2),X2)k) 

= ^ Y{u, xo + X2)Y{g^i),xo + X2)Y{v, X2)Y{h(^i), X2)w (g) Y{g^2),xo + X2)Y{h^2}, X2)k 

= ^ Y{u, Xq + X2)Y{Y{g^i^i),xo)v, X2)Y{g^i^2),Xo + X2)Y{h(^i),X2)w 
<^Y{g^2),Xo + X2)Y{h(2),X2)k. 

Notice i')a.8iiY{g{i^2),XQ + X2)Y{h(^i),X2)w e V ® ^{{xo + X2)) ® 'C{{x2)) and y(5f(i,i), a;o)t' G 
V (g C((xo)). Then there exists I e N such that 

(xo + X2)' 2^ y(M, Xo + X2)y(y (5'(i,i), xo)^, a;2)y(5'(i,2), a;o + X2)y(/i(i), a;2)w 
= {xq + X2)' ^ Y{Y{u, xo)y(5'(i,i), xo)^;, X2)y(5'(i,2), a^o + X2)y(/i(i), X2)w. 
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Certainly, if necessary we can replace I with a large one so that we also have 

{xo + X2yY{g(^i^2),Xo + X2)Y{h(^i),X2)w = {xq + X2yY{Y{g(^i^2),Xo)h(i),X2)w, 
{xo + X2yY{g(2),xo + X2)Y{h{2),X2)k = {xq + X2yY{Y{g(2),xo)h(2),X2)k. 

Then we obtain 

{xo + X2yY'^{u <^g,xo + X2)Y\v (g) h, X2){w (g) k) 

u, XQ)Y{g(^i^i),xo)v, X2)Y {Y {g(^i^2) , XQ)h(^i) , X2)w 
<^Y{Y{g(2),Xo)h(2),X2)k. 

On the other hand, we have 

y * (y " {u<^g,xo){v<^h),X2){w<^k) 
^ {Yiu,xo)Y{g(^i),xo)v <S)Y{g(2),xo)h,X2) (w k) 

= XI ^(^(^' ^o)Y{g{i),XQ)v, X2)Y {Y {g{2,i),xo)h[^i),X2)w ® Y{Y{g^2,2):Xo)h(2),X2)k, 

where we are using the property of A being a homomorphism of nonlocal vertex algebras, 
which gives 

A{Y{g^2),x)h) = Y{A{g^2)),x)A{h) = J] y (^(2,1), ® y(^(2,2), a;)/i(2). 

By the coassociativity of A we have 

9(1,1) ® 9(1,2) ® ® 9(2) ® /i(2) = 9(1) ® 9(2,1) ® ® 5'(2,2) ® /i(2)- 

Putting everything together we get 

{xo + X2yY\u ^g,Xo + X2)Y\v ® h, X2){w ® k) 
= {xo + X2yY^{Y^{u®g,XQ){v^h),X2){w^k). (4.11) 

This proves the weak associativity. Thus V ^ H is a nonlocal vertex algebra. 

Clearly, V, identified with V ® C, is a subalgebra of V jj i/. For g,h E H, we have 

Y\g,x){l^h) ^J2^i9(i),x)l^Y{g^2),x)h = ^ £(y(i))(l«)y(^(2), = l^Y{g,x)h 

^ 9 = '^^{9(1)) 9 (2)- Thus H, identified with C ® if, is a subalgebra. 
For u,v eV, h,k E H, we have 

Y\h,xi)Y^{u,X2){v®k) 
= Y\h,xi){Y{u,X2)v0k) 
= Y{h^i),xi)Y{u, X2)v (g) Y{h(2),xi)k 

= ^ y(y(/i(i,i), xi - X2)ii, X2yY{h(i^2),xi)v ® Y{h(2),xi)k 
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and 

Y\Y{h(^i),Xi - X2)u, X2)Y\h(^2),Xi)iv ® k) 
= ^ xi - X2)u, X2)Y{h(_2,i),xi)v (g) Y{h(^2,2),xi)k. 

As (A (g) l)A{h) = (1 (g) A)A{h), we have 

h{l,l) /i(l,2) ® /i(2) = ^ ® /i(2,l) ® /i(2,2)- 

Therefore 

a;i)Fn^, X2){v ® fc) = ^ xi - X2)m, X2)Y\h^2),xi){v ® fc). 

Now the proof is complete. □ 

Example 4.10. Let g be a Lie algebra equipped with a derivation d. Recall from Exam- 
ple E31 that the universal enveloping algebra U{g) is naturally a differential bialgebra and 
hence a vertex bialgebra. Let be a nonlocal vertex algebra and let ip : q ^ PDer~(V) 
be a homomorphism of differential Lie algebras. The map ip extends uniquely to a homo- 
morphism ip : U{g) ^ B{V) of differential algebras. This makes V a ([/(g), (i)-module. 
By Lemma [4. (j| V is a f/(0)-module nonlocal vertex algebra. Therefore we have the smash 
product nonlocal vertex algebra V^lU^g). 

The following result gives a construction of V^jjiZ-modules: 

Proposition 4.11. Let H be a vertex bialgebra and let V be an H -module nonlocal vertex 
algebra. Suppose that W is a V -module and an H-module such that 

Y{h,x)w eW (^C{{x)), (4.12) 
Y{h, xi)Y{v, X2)w = ^ F(F(/i(i), xi - X2)v, X2)Y{h(^2),Xi)w (4.13) 

for h ^ S, f G V, w E W , where S is a generating subset of H as a nonlocal vertex 
algebra. Then W is a module for V^H with 

YwivS) h,x)w = Y{v,x)Y{h,x)w (4.14) 

for h e H, V eV, w eW. 

Proof. The proof of Lemma 14.61 shows that (j4.12j) and (j4.13j) hold for all h E H. For 

f G h E H, w G W, we have 

Yw(v (g h, x)w = Y{v, x)Y{h, x)w G W{{x)) 

as Y{h.,x)w G (g C((x)) and Y{v^x) G Y{om.{W,W{{x))). From definition we have 
Yw{l (g 1, x) = r (1, x)r (1, x) = 1. Let u,v eV, g,he H, w eW. We have 

Ywiu ® g,Xo + X2)Yw{v (g h, X2)w 
= Y{u, xo + X2)Y{g, xo + X2)Y{v, X2)Y{h, X2)w 
= ^ Y{u, Xo + X2)F(r(5((i), xo)v, X2)Y{gi^2),xo + X2)Y{h, X2)w. 
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Notice that 

Y{g(2),xo + X2)Y{h, X2)w eW^ C{{x2, {xq + X2))), Y{g^i),xo)v e V C{{xo)). 
Then there exists a nonnegative integer / such that 

^{xq + X2yY{u, Xq + X2)Y{Y{g^i),xo)v, X2)Y{g^2),Xo + X2)Y{h, X2)w 
= X](^o + X2fY{y{u, XQ)Y{g(i),xo)v, X2)Y{Y{g(^2):Xo)h, X2)w. 

Thus 

{xo + X2yYw{u ® g,xo + X2)Yw{v (8) h, X2)w 

, xq)v, X2)Y{Y{g(2),xo)h, X2)w. 

On the other hand, we have 

Yw{Y^{u ® g, Xo)(v h),X2)w 
= Yw{Y{u, xo)Y{g^i^,xo)v O Y{g^2),xo)h, X2)w 

- J2y{Y{u,Xo) Y{g(i),Xo)v, X2)Y{Y{g(2),Xo)h, X2)w. 

Therefore 

(xo + X2yYw{u ®g,Xo + X2)Yw(v h, X2)w 
= (xo + X2yYw(Y^(u (8) g, Xo)(v (8) h),X2)w. 

This proves that is a Vfji^-module. □ 

5 Realizing vertex algebras M(l) and Vl through smash 
products 

In this section, we reahze the vertex (operator) algebras associated with infinite-dimensional 
Heisenberg Lie algebras and the vertex algebras associated with nondegenerate even lat- 
tices through the smash product construction. 

First we consider the vertex operator algebras associated with Heisenberg Lie algebras. 
Let h be a finite-dimensional vector space equipped with a nondegenerate symmetric 
bilinear form (■,■). Viewing h as an abelian Lie algebra we have the affine Lie algebra 
h = h (8) C[t, t~^] © Cc, where 

[a (g) t™, 6 (g) r] = mdm+n,o{a, b)c 

for a,b E h, m,n E Z, and c is a central element. For /i e h, n e Z, following the 
tradition we also use h{n) for h®t^. Set 
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an abelian subalgebra of h. Let L{—1) be the linear endomorphism of h defined by 

L{-l){h{-n)) =nh{-n-l) for /i G h, n > 1. (5.1) 
Of course, L{—1) is a derivation of h~ as a Lie algebra. Set 

5h = U{h-) = S{h-), (5.2) 

which is a vertex bialgebra by Example 14. HI 

Next we are going to define a i?h-iiiodule vertex algebra structure on i?h- Notice that 
the adjoint module structure of -Bh does not make i?h a -Bh-module vertex algebra. 

For a e h, set a(0) = on B^. For n > 1, define a(n) to be the derivation of i?h with 

a{n){f3{—m)) = n{a,(3)6n,m for /5 G h, m > 1. (5.3) 

Set 

a{x)- = ^a(n)x-""i G (Der5h)[[a;-i]]. (5.4) 

n>0 

Lemma 5.1. For a G h, we /ia^je a{x)~ G PDer~(i?h)- There exists a B-^-module 
structure Ym on B^i, uniquely determined by 

^Af(tt(— 1), x) = a(x)^ for a Eh. 

Furthermore, -Bh equipped with this B-^-module structure Ym is a B^^-module vertex alge- 
bra. 

Proof. For a G h, m G i?h) since a{n)u = for n sufficiently large, we have 

a{xyu G 5h[x"^] C By,® C((x)). 

For a G h, 72 > 1, with -^v(— 1) and a{n) being derivations of -Bh, it is straightforward to 
show that 

[L(— 1), a{n)] = —na{n — 1). 

That is, [-L(— 1), a(x)^] = -^a{x)~ . By Proposition 12.111 we have a{x)^ G PDer^(-Bh). 
For a, j3 E L, h Eh, m, n > 0, it is also straightforward to show that 

a{n)(3{m) = j3{m)a{n). 

Then a{x)~ for a G h generate a commutative differential algebra in B{B\^. As -Bh = 
S'(h~) is free, there exists a unique differential algebra homomorphism from -Bh to B{B^), 
sending a(— 1) to a{x)~ for a E h. It follows from Lemma (4.61 that this homomorphism 
makes -Bh a -Bh-module vertex algebra with Ym{o:{—1),x) = a{x)~ for a E h. Since -Bh 
as a vertex algebra is generated by a(— 1) for a Eh, the uniqueness is clear. □ 
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Now we fix this Sh-module vertex algebra structure. Then we have the smash product 
nonlocal vertex algebra Bhtt-^h- For a G h, set 

= ^a(-n)x"-^ G ^(h")[[x]] = 5h[[x]]. (5.5) 

n>l 

Recall that there exists a unique vertex algebra structure 1^/(1) on 5'(h^) with 

YM(i){a{—l),x) = a{x)^ + a{x)~ = a{x) for a G h. (5.6) 
This vertex algebra is denoted by Mj^(l, 0) or by M(l) for short. 

Proposition 5.2. The associative subalgebra A(i?h) of By^® is a vertex subalgebra of 
-Bhtl-Sh- Furthermore, A viewed as a map from M^{1,0) to A(i?h), 

A : M^(l, 0) = S{h-) = fih ^ A(5h) C 5h ® fih = 5htl5h, (5.7) 
zs a vertex algebra isomorphism. 
Proof. For a G h, we have 

FBja(-l), x) = e"^(-^)a(-l) = ^ a(-n - l)x" = a(x)+. (5.8) 

n>0 

Then 

F«(A(a(-l)),x) = F»(«(-l) ® 1 + 1 ® a(-l),x) 

= YBj^(a(-l), x) ® 1 + a(x)" O 1 + 1 ® yBj^(a(-l), x) 



= a(x)+ (g) 1 + a(x)" (g) 1 + 1 (g) a(x)+. (5.9) 

Writing F''(u, x) = J2nei,^n ^ -^hji-Bh, we have 

A(a(-1))L„ = a(-n) ® 1 + 1 ® a(-n) = A(a(-n)) forn > 1, (5.10) 

A(a(-l))f„ = a(m) (g 1 for m > 0. (5.11) 

Furthermore, for a,/? G h, m, n G Z, we have 

[A(a(-1))»„, A(/5(-l))»,] = m(a, /3)5^+„,o. (5.12) 



Then i?htl-Bh is an h-module of level 1 with a{m) acting as A(a(— 1))J„ for a G h, m G Z. 
Since i?h as an algebra is generated by a{—n) for a G h, n > 1 and since A is an algebra 
homomorphism, it follows the P-B-W theorem and from ()5.10|) that A(i?h) is exactly the 
h-submodule of B]^^B}^ generated by 1 (g 1. It then follows that A{B]^) is exactly the 
nonlocal vertex subalgebra of i?htl-Bh generated by A(q;(— 1)) for a G h. In view of the 
P-B-W theorem, A is injective, so that A, viewed as a map from Mjj(l,0) to A(i?h), is 
an isomorphism of h~-modules. Then from ()5.12j) . A, viewed as a map from Mj^(l, 0) to 
A{B}^), is an isomorphism of h-modules. Consequently, A is an isomorphism of vertex 
algebras. □ 
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We next consider the vertex algebras associated with nondegenerate even lattices. Let 
L be a nondegenerate even lattice; a free abelian group of finite rank equipped with a 
nondegenerate Z-valued symmetric Z-bilinear form (-, ■) such that (a, a) G 2Z for a G L. 
Set h = C L and then linearly extend the form on L to h. As in the previous example 
we have an affine Lie algebra h and a differential bialgebra i?h- Let e : L x L ^ be a 
map such that 

e(a,0) = e(0,a) = 1, 

e{a, 13 + 7)e(/3, 7) = e{a + /3, 7)^(0, 13) 

for a, /3, 7 G L. Such a map is called a normalized C^-valued 2-cocycle of L (as an abelian 
group). Denote by Ce[L] the e-twisted group algebra of L which has a C-basis indexed by 
L, say {cq | a G L}, with multiphcation 

606/3 = e{a, [3)ea+i3 for a,l3 E L. 

Set 

5^,, = C,[L]®5h, (5.13) 

an associative algebra. Extend the derivation L{—1) of -Bh to a linear endomorphism of 

BL,e by 

L(-l)(ea ® m) = e„ O «(-!)« + ® L(-1)m (5.14) 

for a G L, m G ^(h^). It is straightforward to check that L{—1) is a derivation of -Bl,^. 
This makes 5^^^ a differential algebra and hence a nonlocal vertex algebra. 

Recall that we have operators h{n) on B]^ for h E h, n E Z. We extend the actions of 
h{n) on i?h to by 

h{n){ea®u) = Ca® h{n)u for n 7^ 0, (5.15) 
h{0){ea ® u) = {h,a)ea® u (5.16) 

for a G L, u E B^. 

For a G h, following |FLMj set 



We have 




(5.17) 

(5.18) 
(5.19) 
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Lemma 5.3. For a G L, we have 

YB^X^a.x) = E'{-a,x)ea, (5.20) 

where Yb,^^ denotes the vertex operator map of the nonlocal vertex algebra Bl ,.. 

Proof. For a E L, as Yb^ ^Ca, x) = e^^^~^^ea, we must prove e~^^^~^^ (—a, x)ea = Cq. 
Clearly, it is true for a; = 0. Using the properties ()5.18|) and ()5.19|) we have 

A(e-^(-i)i,-(_«,^)e,) 
= _e-^(-i)L(-l)E-(-a,x)e„ + e-"^(-iM ^ a{n)x-"-A E-{-a,x)e^ 

\ne-Z+ / 

= -e-^^(-^)E-(-a, x)L(-l)e„ + e-''^'^-^^ E' {-a, x)a(-l)e„ 
= 0, 

as L{—l)ea = a{—l)ea- Thus e~^^^~^^ E~ {—a, x)ea = Cq,. □ 
Set 

BL = C[L]®Bh = C[L]^S{h-), (5.21) 

a Hopf algebra. Note that B^ = -Bl.e with e being trivial. It is straightforward to check 
that the comultiplication A and the counit e are homomorphisms of differential algebras. 
Then B^ is naturally a differential bialgebra. (Note that for a general e, B^^^ is not a 
bialgebra with A defined in the obvious way.) 

Next, we define a i?L-module nonlocal vertex algebra structure on Bi^e- For this 
purpose we need the following universal property of -B^: 

Lemma 5.4. Let L be a nondegenerate even lattice. Let A be any commutative associative 
algebra with a derivation d and let f : C[L] A be any homomorphism of algebras. Then 
f can be extended uniquely to a homomorphism of differential algebras from Bl to A. 

Proof. For a, f3 G L, we have 

f{e-"-^)df{e"+^) = /(e— ^)9(/(e")/(e^)) 

= /(e-°-^)(/(e^)9/(e°) + f{e")df{e^)) 
= /(e-")9/(e")+/(e-^)9/(e^). 

In view of this, we have a linear map from h to A, sending a G L to /(e~")9/(e"). 
Furthermore, we have an algebra homomorphism g from >S'(h^) to A such that 

g(a(-l - n)) = A9"(/(e-")9/(e")) for a G L, n G N. 

Then / (8> is an algebra homomorphism from B^ to A, extending /. Now we show that 
{f ®g)L{—l) = d{f®g), that is, f^g is a homomorphism of differential algebras. For a G 
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L, n G N, since a{-n - 1) = ^L(-l)'"a(-l), we have c/(L(-l)"a(-l)) = 
Assume that a, 6 G i?h such that gL{—l){a) = dg{a) and 1)(6) = dg(h). Then 

(7L(-l)(a6) = g{aL{-l)h) + ^?(6L(-l)a) = (7(a)9(7(6) + g{h)d{a) = d{g{a)g{h)) = dg{ab). 

It follows from induction that gL{—l) = dg. Furthermore, for a G L, we have 

(/ ® ^7)L(-l)e" = (/ ® ^7)(e" ® a(-l)) = /(e°)/(e"°)9/(e") = 9/(e") = 9(/ ® ^?)e°. 

Then it follows that (/ ® 1) = d{f ^ g). As C[L] generates Sh as a differential 

algebra, the uniqueness is clear. □ 

Proposition 5.5. We have 

E+{-a, x)a;"(°) G PEnd-(5i,,) /or a e L. 
Furthermore, there exists a unique Bi-module structure Ym on Bi^^ such that 

Yu^e", x) = E+{~a, for a e L (5.22) 

and ^ equipped with this B^-module structure Ym is a Bi-module nonlocal vertex alge- 
bra. 

Proof. Set $Q,(x) = a, for a E L. It is straightforward to check that for 

a G L, n > 0, a{n) G Der(i?i ,;) and 1), a(n)] = —na{n — 1). Then 

[L(-l),log$«(x)] = ^log$„(x). 

In view of Proposition 12.111 we have 

log$„(x) G Der(5i,„5i,, ® (c((a;))[logx],-c?/dx)). 

Consequently, $Q,(a;) G PEnd^(i?2,^e)- Clearly, we have ^q{x) = 1 and 

$«(a;)$/3(x) = for a,(3 E L. 

Denote by A the subalgebra of Bi^Bi ,) generated by {d/ dxY(^a{.x) for n G N, a G L. 
It is clear that A is a commutative differential subalgebra. By Lemma 15.41 there exists 
a homomorphism vr of differential algebras from Bl to A such that 7r(e°) = $q(x) for 
a G L. As -Bi^e is a module for B^Bl^^) as a nonlocal vertex algebra (by Proposition 
K14|l . the homomorphism vr gives rise to a -BL-module structure Ym on i^^^e such that 
Ym^c'^^x) = $Q,(x) for a E L. It follows from Lemma that i?i„e equipped with the 
i?L-module structure Ym is a i^^-module nonlocal vertex algebra. As C[L] generates B^ 
as a vertex algebra, the uniqueness is clear. □ 

Now we fix the 5/^-module nonlocal vertex algebra structure on B^,,. We have the 
smash product nonlocal vertex algebra Bl^^^B^. 
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Remark 5.6. Recall from |FLMj that for the vertex algebra Vl associated with L, we 
have Vl = Bl.^ = ^^[L] ® >S'(h~) as a vector space, where e is a normalized 2-cocycle of L 
satisfying the condition 

e(a, /?)e(/?, a)'^ = for a,f3eL. (5.23) 

Denote the vertex operator map of Vl by Yy^. For a G L, we have 

Yv^{ea,x) = E"(-a,a;)E+(-a,a;)e„.x°(°) (5.24) 

Proposition 5.7. Let L be a nondegenerate even lattice and let e he the normalized 2- 
cocycle of L, which was used in the construction of the vertex algebra Vl- Set 

U=Y[ C(e« ® e°) ® A(5h) C BlJBl. (5.25) 

Then U is an ordinary vertex subalgebra of Bl.^ tl Bl and the linear map 

TT -.Vl-^U; Cq O m ^^ (e^ ® e°) O A{u) (5.26) 
for a & L, M G >S'(h^) is an isomorphism of vertex algebras. 

Proof. With A being an isomorphism from By^ to B]^ ® -Bh, it is clear that vr is a linear 
isomorphism. Then it remains to prove that vr is a homomorphism of vertex algebras. Let 
a,j3 & L, M G 5'(h^) = Bh. From Remark [5.61 we have 

Yv^{ea,x){e^ u) = x^"'^^e(a, /5)(ea+/3 ® {-a, x)E^ {-a, x)u) . 

Using ()5.10|) and ()5.11|) we get 

7r(Fy^(e«,x)(e^(g)u)) 

= x<"'^>e(a, (3){ea+/3 ® e"+'^)A (^"(-a, x)E+{-a, x)u) 

= x<"'^>e(a, /?)(e„+/3 ® e"+^)(^-(-a, x)E+(-a, x) ® E-{-a, x))A{u). (5.27) 
On the other hand, as A(e") = (8> e°, using Lemma f5. 31 we have 
y"(e„®e°,x) = YB^Xea,x)^aix)^YB^{e",x) 

= E~{-a, x)eaE+{-a, x)x"(°) ® ^-(-a, x)e°. 

Then 

F"(e„(g)e°,x)V'(e/3®u) 
= ynea®e",x)(e^®e^)A(M) 

= a;<"'^>e(a, /3)(e«+/3 e"+^)(E-(-a, a;)E+(-a, a;) O ^-(-a, x))A(?i). (5.28) 
Consequently, we have 

7r(FyJe„,x)(e'^®M)) = F"(e« ® e°, x)7r(e^ ® m) (5.29) 

for G L, u G 5'(h^) = B^. As Ce[L] generates Vl as a vertex algebra, vr is a homo- 
morphism of nonlocal vertex algebras. Since Vl is a. vertex algebra, vr is an isomorphism 
of vertex algebras. □ 
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Remark 5.8. Let P be the dual lattice of L, i.e., 



P = {h eh.\ {a,h) ez for all a G L}. 
Extend e to a map from L x P ^ such that 

e(a, (3)e{a + A 7) = e(a, /5 + 7)e(/5, 7) (5-30) 
for a,j3 E L, 7 G P. Define a Ce[-L]-module structure on C[P] by 

Cq • e''' = e(a, 7)6""''''' for a G L, 7 G P. 

Set 

Vp = C[P] ® Ph = c[P] ® 5(h-). 

The space Vp is naturally a Pj^ ..-module. On the other hand, the same argument 
in Proposition 15.51 shows that there exists a (unique) P^^-module structure Ym on Vp 
with yAf(e°,x) = E'^{—a,x)x°'^^^ for a G L. Using the commutation relation between 
E~^{a,Xi) and P~(/5, X2) (see jFLMj ) one sees that Proposition 14.111 applies to our sit- 
uation, so Vp is a Pi^^etl-SL-niodule. As Vl is a vertex subalgebra of Bl J\,Bl, Vp is a 
V^-module. This gives a new proof for the existence of a Vi-structure on Vp (cf. |FLMj . 
ILL]). 
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